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Abstract. Strongly correlated many-body systems often display the emergence of simple patterns and
regular behaviour of their global properties. Phenomena such as clusterization, collective motion and
appearance of shell structures are commonly observed across different size, time, and energy scales in our
universe. Although at the microscopic level their individual parts are described by complex interactions, the
collective behaviour of these systems can exhibit strikingly regular patterns. This contribution provides
an overview of the experimental signatures that are commonly used to identify the emergence of shell
structures and collective phenomena in distinct physical systems. Examples in macroscopic systems are
presented alongside features observed in atomic nuclei. The discussion is focused on the experimental
trends observed for exotic nuclei in the vicinity of nuclear closed-shells, and the new challenges that recent
experiments have posed in our understanding of emergent phenomena in nuclei.
PACS. XX.XX.XX No PACS code given
1 Introduction
Our understanding of the universe is intimately related to
our description of many-body systems. The knowledge of
the fundamental particles and forces of nature is as im-
portant as our ability to understand how these building
blocks are organized to form complex systems. Remark-
ably, the emergence of simple and regular patterns are
common features observed in strongly correlated many-
body systems [1–9]. At the microscopic level, the individ-
ual parts of different physical systems can be described by
fundamentally different interactions, however, their collec-
tive behaviour can exhibit similar patterns. These seem-
ingly simple regularities of certain properties of a phys-
ical system tends to suggest the existence of underlying
symmetries and allows simple models to provide a good
description of the observed data [9–13]. However, the link
between these models and their microscopic interactions
is an open question in many fields of physics.
The over the past decade experimental and theoretical
developments have allowed an unprecedented connection
between reductionist and emergent views of nature. Ad-
vances in many-body methods and the rapid development
of computing power have provided new paths towards the
ab-initio description of macroscopic phenomena. Theoret-
a E-mail: rgarciar@mit.edu
b E-mail: adam.vernon@kuleuven.be
ical developments are motivated by the ambition of a first
principles description of emergent phenomena, yet this re-
ductionist approach is deeply motivated by empirical ob-
servations [14, 15]. A deeper understanding of the micro-
scopic origin of emergent physical phenomena is achieved
through systematic experimental studies confronted with
the theoretical descriptions. This article presents a short
overview of experimental signatures that are commonly
used to characterize the emergence of phenomena in dif-
ferent physical systems. Various examples of objects from
the human size scale down to the femtometer scale are pre-
sented. The discussion is centered on the observables that
are used to indicate the emergence of phenomena such as
shell structures and “magic” numbers - integer number
of constituents with notably different properties. Albeit
not exhaustive, an effort is made to include citations that
could be useful to direct interested readers to the relevant
literature.
The manuscript is divided in two main parts: The first
part provides a brief description of selected examples that
illustrate the emergence of regular patters in macroscopic
systems and some of their commonalities and differences
with similar patterns observed in the atomic nucleus. The
second part is focused on the experimental signatures used
to discuss the emergence of collective phenomena and shell
structures in nuclei. Commonly discussed properties such
as binding energies, nuclear charge radii, excitation ener-
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gies and transition probabilities are presented. The dis-
cussion is expanded using recent experimental results ob-
tained for the ground-state properties of nuclei in the
neighborhood of nuclear shell closures. Finally, an empha-
sis is made on the trends and open questions that the new
observations pose for our current understanding of nuclear
structure in different regions of the nuclear chart.
2 Emergence of simple patterns in
many-body systems
Throughout nature, driving forces give rise to optimiza-
tion problems for the arrangement of constituents in many-
body systems at almost every size scale, resulting in an
abundance of emergent phenomena [1–5,7, 21–34]. On bi-
ological scales, despite separation from the smallest con-
stituents of matter by approximately 15 orders of mag-
nitude, simple collective phenomena and pattern forma-
tion are still immediately apparent [1, 35–38]. Such as in
the phyllotaxis of plants [33, 39, 40], where simple growth
patterns appear in the arrangement of leaves or flowers
around a plant step. One particularly striking example is
observed in the growth of seeds in a sunflower head [21,22],
in which the number of spirals of seeds follows the Fi-
bonacci sequence. A large variety of patterns emerge in
smaller systems as a consequence of the optimal arrange-
ment of their constituents [35, 36, 41], from the clustering
in framboidal pyrite [42, 43] to the crowding of molecules
in cells [32, 44, 45], or that of DNA strands in cell nu-
clei [31,46]. Complex many-body systems often form clus-
ters to minimise their energy by interactions between their
neighbours and their mean field. This situation can give
rise to “magic” numbers, as with those in the atomic nu-
cleus, where certain integer numbers of constituents of a
given system results in greater stability of its collective
whole.
The simplest signature for these magic numbers is the
greater natural abundance of systems with certain num-
ber of constituents [7,23–25,25–27,54]. This is comparable
with the abundance distribution of isotopes in the uni-
verse [67,68] following nucleosynthesis [69]. A summary of
different systems in nature which exhibit greater stabil-
ity for certain number of constituents is shown in Table
1, where typical experimental signatures and system sizes
are highlighted. Examples of the size scale and driving
forces in different many-body systems are illustrated in
Figure 1, where the driving forces refer to those essential
for the appearance of the magic numbers in these many-
body systems. While gravity, for instance, will have only
a minor influence. The commonality between all of these
systems which exhibit magic numbers appears to be: i. a
uniformity in the type of constituents; ii. a subtle balance
between attractive and repulsive effective forces, which are
either self-generated or from an external mean field. For
constituents with their packing constrained by symmetric
polyhedral shapes, the magic numbers that appear can be
determined for a system with constituents of any size using
purely symmetries of geometry, and they appear in nature
with these numbers when this is the case [1,25,29,70–72].
Those constituents between magic numbers, can also be
said to belong to a ‘shell’, as with the electronic shells
of atoms [56] or for nucleons in atomic nuclei [73, 74]. In
some cases this is reflected by the spatial arrangement of
the constituents. For example in ‘dusty’ plasmas [75, 76],
where charged dust particles (on the micrometer scale)
can self assemble into a plasma crystal arrangement with
a radial spherical shell distribution of particles [3,77], with
the total system on the scale of millimeters. Such meso-
scopic systems are often called ‘artificial atoms’ due to
their close resemblence with atomic systems. The magic
numbers listed in Table 1 for dusty plasmas, occur for par-
ticular experimental conditions. These experiments have
several highly tunable parameters, which can result in dif-
ferent sequences of magic numbers [77–79], highlighting
the ability of a magic number sequence to reflect the un-
derlying interactions of a given system.
Self arrangement and the appearance of magic numbers
has also been observed in 2-dimensional mesoscopic exper-
iments using micrometer-sized superconducting disks [4,
80]. At the scale of hundreds of micrometers, polystyrene
spheres (colloidal particles) with diameters of around 200 nm
have been observed to self-assemble into colloidal clus-
ters [81, 82]. While the interaction has a complicated de-
scription including surface chemistry [83], capillary forces
[84], entropy maximization [82] and the presence of deple-
tants [85]. These clusters were found to form certain magic
number configurations during a drying process [5], these
configurations were found to have higher thermodynamic
stability. These particularly stable configurations of clus-
ters are found to form upon confinement described mainly
by a short-range repulsive potential, and weak attractive
interactions between colloidal particles [5]. Due to the ab-
sence of a long-range repulsive force (such as the Coulomb
force which limits the size of atomic nuclei) between the
colloidal particles, these colloidal systems can range from
a few particles [84] to billions of particles (colloidal crys-
tals) [86,87].
Perhaps the systems with the most in common with
the atomic nucleus are atomic clusters [9, 19, 88], an area
of physics which has historically benefited from analo-
gies with nuclear models [19, 89, 90]. Clusters of atoms
were observed to have magic numbers of enhanced sta-
bility reflected in their produced mass abundance spec-
tra [25–27, 91] (see Table 1). The electronic structure of
the constituent atom ultimately dictates the properties
of the atomic clusters, however phenomenological models
have been developed to provide a good description of the
observed magic numbers, similar to the shell model of the
atomic nucleus [8, 92]. A ‘wine-bottle’ shaped potential
used to describe these atomic clusters was adapted from
the Woods-Saxon potential of nuclear physics [91]. This
potential predicted ‘super shells’ to appear as the num-
ber of atoms in the clusters approaches N = 1000 [90],
due to higher-order stabilizing effects, analogous to the
predicted islands of stability of heavy nuclei [93, 94]. The
predicted super-shell magic numbers were soon observed
in sodium clusters [28]. Deformation also has an analo-
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Table 1. Experimental signatures of the emergence of shell structures and “magic” numbers in different many-body systems.
The size scales and the common observables that are used to characterize the properties of each systems are indicated. Here
the ellipses (“...”) are used to denote that additional magic numbers have been omitted for space.
Constituent Size System Size rc Observable(s) Magic numbers Refs.
Spheres Any Spherical
packing
Any Density 6, 12, 21, 25, 38 ... [1]
Sunflower seeds ∼ 1
cm
Sunflower
head
5-50 cm ∼4 mm Number of spirals 3, 5, 8, 13, 21, 34, ... [2, 21, 22]
Dust particles µm 3D plasma
crystal
mm
400
-760 µm Radial distribution 2, 21, 60, 107 .. [3]
Superconducting
disks
µm Vortex shells 5 µm ∼2 µm Radial distribution 5, 16, 32 [4]
Polystyrene
spheres
244
nm
Colloidal cluster 2-8µm 136
-156 nm
Evaporation rate 135, 297, 851, 801,
1283, 2583 ...
[5]
GaAs layers 10
nm
Quantum dot 0.5µm 7
-10 nm
Electron addition
energy
2, 6, 12, 20 ... [47]
Virus protein ∼5
nm
Virus
capsids
20
-400 nm
2
-10 nm
Abundance 15,17,18,42 [48–52]
C atoms 170
pm
Fullerenes 0.5
-2 nm
70
-110 nm
Mass abundance 60, 70, 72, 76, 78, 84
..
[7, 23,24,53]
H2O 275
pm
Electron-bound
water clusters
∼3-20 A˚ 170
-190 pm
Mass abundance 2, 6, 7, 11 [54]
Xe atoms 216
pm
Atom clusters ∼2-10 A˚ 158
-264 pm
Mass abundance 13, 16, 19, 25, 55, 71,
87, 147 ...
[25, 26]
Na atoms 227
pm
Atom clusters ∼2-10 A˚ Mass abundance
Ionization energy
2, 8, 20, 40, 58, 92 ... [27, 28,55]
Melting temperature 55, 116, 147, 178 ... [29]
Electrons fm Atoms 31
-348 pm
20
-70 pm
Binding energies 2, 10, 18, 36, 54 [56]
Nucleons fm Nuclei 1-10 fm ∼ 1.2 fm Binding energies, t1/2, 2, 8, 20, 28, 50, 126 .. [57–61]
< r2 >, [62]
B(E2), E2+ , [63]
QS , µ, [64]
Solar abundances, [6, 65]
Neutron capture σs [61, 66]
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Fig. 1. Size scale, R, characteristic length, rc and main driving forces are compared for different many-body systems including
sunflower seed phylotaxis [16], colloidal clusters [5], virus capsid structures [17], fullerenes [18], metal clusters [19], atoms [20]
and atomic nuclei (Color online).
gous role in these clusters as in atomic nuclei, where the
most stable clusters have spherical deformation and those
between shell closures have oblate or prolate deforma-
tion [8, 9]. The Nilsson model of the atomic nucleus [95]
has been adapted to describe axially deformed clusters,
known as the Clemenger-Nilsson model [96]. Giant dipole
resonances of atomic nuclei [97] also have a counterpart
in these cluster systems, in the form of plasma resonance
frequencies [98,99]. Taking the example of the sodium clus-
ters, many of the observables corroborate the same set of
magic numbers [27, 55, 100–102] which are of electronic
origin. A modified set of magic numbers was found in the
melting temperatures of the clusters [103] however. This
required an additional interpretation considering the geo-
metric shells of the positions of the atomic nuclei alongside
the electronic shells, due to the importance of the positions
of the atomic nuclei in the melting process [29].
In the fermionic systems, the Wigner-Seitz radius, rc,
is commonly introduced to characterize the length scale
of a system (see Ref. [104] for a detailed discussion of
fermionic many-body systems). It is defined as the radius
of a sphere whose volume is equal to the mean volume per
constituent, given by rc=R/n
1/3 for 3-dimensional systems
with n constituents, and rc=R/n
1/2 for 2-dimensional sys-
tems. The rc values for some of the systems discussed here
are shown in Table 1. This value also gives an estimate for
the density of the systems, which becomes independent of
the system size when saturated. This characteristic is par-
ticularly important in the understanding of the saturation
of nuclear matter, as the rc value remaining nearly con-
stant in finite nuclei, and it remains with a similar magni-
tude for systems as large as neutron stars [104]. Similarly,
other many-body systems with rigid constituents exhibit
comparatively small variations in their rc value with the
increase of the system size (see Figure 1).
Fermionic systems such as atomic nuclei, atoms, atomic
clusters and quantum dots can be constrained by similar
symmetries [105]. The Pauli exclusion principle, common
to all of these systems, imposes the first magic number,
2. However the sequences of magic numbers strongly de-
pend on the forces and symmetries that describe their con-
stituents. In the atomic nucleus, the attractive mean-field
is self-generated by the constituent nucleons, rather than a
common external potential as for electrons in atoms. The
‘spin-orbit’ force between nucleons [73], produces a large
attractive force which increases the binding for nucleons
in orbital shells with their spins aligned with their orbital
angular momentum. Whereas the spin-orbit force between
electrons is significantly weaker and repulsive for aligned
spin and orbital angular momentum [106].
In the influential paper “More is different” [10], P. W. An-
derson argued that as the number of constituents of a
system increases, a “phase transition” occurs, where the
symmetries of the underlying laws of the system are bro-
ken and new symmetries can appear, requiring research
into these fundamentally new and different laws of the
system on the new hierarchy, as was the case with super-
conductivity [107]. With this outlook it was said that the
“constructionist” approach might be lost, that is the abil-
ity to predict the emergent phenomena of a system from
fundamental laws of physics. It is accepted that emergent
properties in complex systems with large number of con-
stituents can require many-body calculations which are
presently computationally infeasible, and thus is impos-
sible to establish a direct connection to the fundamental
forces of nature [105, 108]. However, for mesoscopic sys-
tems such atoms and nucleus, the reductionist viewpoint
that the system is still in fact reducible to these laws, is
becoming feasible thanks to the developments in powerful
many-body methods and computational power. The in-
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teractions among electrons are well understood in terms
of their underlying theory of quantum electrodynamics,
and atomic properties can now be calculated with high
accuracy for different many-electron systems [109–113].
The non-perturbative nature of the nuclear force makes
the atomic nuclei exceedingly more complex, and their
description from first principles is an ongoing challenge
for nuclear theory [114–119].
3 Global trends and simple patterns in nuclei
The atomic nucleus provides a rich laboratory in the stud-
ies of strongly correlated many-body systems. Due to the
high nuclear density and the short- and long-range proper-
ties of the nuclear force, nuclei are highly sensitive to two-
and higher-order many-body forces. The non-perturbative
character of the strong force requires highly demanding
theoretical treatments. In contrast to other physical sys-
tems, three-body forces are essential to describe the prop-
erties of nuclei [120]. By varying the numbers of pro-
tons and neutrons in the nucleus, inter-nucleon correla-
tions can drive very different collective phenomena [121–
124]. Intriguingly, a set of regular patterns appear across
the whole nuclear chart [125–130]. These seemingly sim-
ple patterns have motivated numerous phenomenological
models since the early days of nuclear physics. Simple
model principles such as independent-particle motion [131,
132] and the semi-classical collective motion of nuclei [133]
have been very successful in providing a global description
of the observed nuclear phenomena. Below we present a
short overview of the experimental signatures of nuclear
shell structures and collective phenomena that are com-
monly discussed in literature. While similar signatures
and correlations are found in several nuclear observables,
different patterns can emerge in systems with extreme
proton-to-neutron ratios. This discussion is expanded upon
using the evolution of nuclear properties in the neighbor-
hood of the neutron-rich 52Ca (Z = 20, N = 32), 78Ni
(Z = 28, N = 50), and 132Sn (Z = 50, N = 82) isotopes
as examples, where new theoretical and experimental re-
sults have become available in the last few years.
3.1 Experimental signatures of shell structures
The signatures of nuclear shell structures are manifested
in different observables [123,127,134–137]. The numbers of
nucleons that completely fills nuclear closed-shells are the
so-called “magic” numbers. Nuclei with a magic number of
nucleons are commonly observed to have the following ex-
perimental signatures: i. a relatively small mean-squared
charge radius, 〈r2〉. As seen in Figure 2 at nucleon number
N =20, 28, 50, 82 and 126, there is a pronounced change
of the charge radius as nucleons are added beyond a shell
closure (“kink”), with a smooth increase towards shell clo-
sures, and a larger increase through the filling of the new
open shell [128]. ii. a relatively large two-nucleon separa-
tion energy, S2n; iii. a small quadrupole moment value,
Qs; iv. a high excitation energy of the first 2
+ state, E2+ ;
and v. a small transition probability to the first 2+ excited
state, B(E2). A compilation of these experimental proper-
ties as a function of the neutron and proton numbers are
shown in Figure 2 and Figure 3, respectively. The data
corresponding to different isotones are shown in Figure 2,
using bars of different colors to indicate the magnitudes
of the observables for each isotone, the same is shown in
3 as a function of atomic number.
The changes of the mean square charge radii when
two neutrons are added, ∆〈r2〉(2n), are presented in Fig-
ure 2. The analogous differences when two protons are
added, ∆〈r2〉(2p), are shown in Figure 3, however the
data in this case is relatively sparse as the charge radii
of many elements have not yet been measured. At magic
number of nucleons these differences exhibit a minimum
value, with local maxima occuring after crossing the closed
shell. As the magnitude of Qs, B(E2), and E2+ scales
with the atomic number and the nuclear size, these pa-
rameters were normalized in order to compare light and
heavy nuclei on the same scale. The experimental values
of Qs and B(E2) were scaled to the dimensionless values
Qs/ZR
2 and B(E2)/Z2R2, with Z the proton number
and R = 1.18A1/3 the droplet-model radius. Normalized
observables present minimum values around the nucleon
numbers 28, 50, 82 and 126, with a clear correlation seen
in the trends of all observables. For some isotopes, ad-
ditional local minima appear around nuclear numbers 2,
8, 16, 20, and 40. Figure 2 iv), for example, shows bars
of different color at N = 20, indicating that nuclei with
the same number of neutrons, such as 32Mg and 40Ca,
have very different E(2+) values [163]. (We refer the in-
terested reader to Figures A1-A5 in the appendix for a
2d representation of the data shown in Figures 2 and
3.) The isotopes with magic nucleon numbers have rel-
atively high binding energy, and their charge distribution
exhibit smaller variations with respect to the spherical
shapes (small quadrupole moments). The nuclear charge
radius commonly increases with the number of nucleons,
but the slope of the increase is notably smaller approach-
ing the nuclear closed shells. These nuclei are more diffi-
cult to excite than their neighbors, which is evidenced by
their relatively high excitation energies and low excitation
probabilities.
The properties of light nuclei (A < 20) are highly sen-
sitive to adding or removing a few nucleons. The lower
nuclear orbitals have a smaller degeneracy, thus orbital
changes can occur for a few nucleons only. Some particu-
lar isotopes, as in the region around Z = 40, N = 60 and
Z = 62, N = 90, are considered to present a rapid onset of
deformation [121,164]. Interestingly, collective phenomena
such as shape coexistence and phase transitions observed
for nuclei in the region Z = 62, N = 90 have been sug-
gested to exhibit analogous features as those for clusters
of silicon atoms, which are governed by very different in-
teractions [165].
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Fig. 2. (Color online) Experimental nuclear properties as a function of the neutron number: i. mean-squared charge radii
difference when two neutrons are added, 〈r2〉(2n); ii. derivative of the two-neutron separation energy dS2n; iii. normalized
spectroscopic quadrupole moments Qs/ZR
2; iv. scaled inverse of the excitation energy of the first 2+ state, 1/E2+Z; and v.
normalized transition probability to the first 2+ excited state, B(E2)/Z2R2. Data taken from [57–59,62–64,123,135,138–162].
3.2 Simple patterns in complex nuclei
Nuclear electromagnetic moments such as the magnetic
dipole and electric quadrupole moment provide comple-
mentary insights into the microscopic and collective prop-
erties of nuclei [166,167]. In fact, electromagnetic moments
played a key role in motivating the most basic models of
nuclear physics: the nuclear shell model [131], and nuclear
deformation [168–170]. Systematic experimental studies of
isotopes around nuclear closed shells have revealed sur-
prisingly simple trends in the evolution of nuclear ground-
state electromagnetic properties as a function of the neu-
tron number [135,138–140,166,171–173].
Nuclei in the vicinity of the tin isotopes give outstand-
ing examples of simple patterns. The electromagnetic prop-
erties of these complex nuclei, with around 50 protons and
more than 50 neutrons, seem to be described by a sin-
gle particle in a nuclear orbital. The experimental nuclear
g-factor (the ratio between the dipole magnetic moment
and the nuclear spin) and electric quadrupole moments of
cadmium (Z = 48), indium (Z = 49), and tin (Z = 50)
isotopes are shown in Figure 4, exhibiting simple trends as
a function of neutron number. A simplified single-particle
model provides a good description of these observations.
In the shell model picture, the electromagnetic properties
of odd-even indium isotopes are given by a single proton
hole in the pih11/2 orbit [174–176]. This simple picture of
nuclear structure seems to be supported by a rather con-
stant value of their nuclear moments, which present very
small variations when neutrons are added. For the even-
proton nuclei, cadmium and tin, the naive shell-model ex-
pectation is that that the electromagnetic properties of
even-odd isotopes are dominated by a single neutron oc-
cupying the νh11/2 neutron orbit. This idea is also sup-
ported by a constant value of the magnetic moment, and
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Fig. 3. (Color online) Experimental nuclear properties as a function of the proton number: i. mean-squared charge radii difference
when two protons are added, 〈r2〉(2p); ii. derivative of the two-proton separation energy dS2p; iii. normalized spectroscopic
quadrupole moments Qs/ZR
2; iv. scaled inverse of the excitation energy of the first 2+ state, 1/E2+Z; and v. normalized
transition probability to the first 2+ excited state, B(E2)/Z2R2. Data taken from [57–59,62–64,123,135,138–162].
a linear trend in the nuclear quadrupole moments. In this
shell model picture, a particle occupying an orbit around
closed shells has a negative quadrupole moment, which
is interpreted as polarizing a spherical core towards an
oblate deformation (Qs < 0) [166]. If neutrons are added
to the same orbit, the values of quadrupole moments cross
zero when the orbit is half-filled, and take positive values
when more than half of the orbit is occupied. This is in-
terpreted as a “hole” polarizing the core towards prolate
deformation (Qs > 0). Similar trends have been observed
in the calcium (Z = 20) [135], nickel (Z = 28) [177] and
lead (Z = 82) [166] regions. Although these trends can
be interpreted with phenomenological models, the micro-
scopic origin of these remarkably simple emergent trends
are not yet explained from first principles.
3.3 Selected examples for neutron-rich nuclei
Recent developments in both experimental and theoretical
tools have provided a deeper insight in our understand-
ing of nuclear properties at extreme proton-to-neutron ra-
tios. Particular interest has been focused on the evolution
of nuclear properties towards the suggested neutron-rich
doubly magic nuclei: 52,54Ca (Z = 20, N = 32,34) [123,
136, 137, 143], 78Ni (Z = 28, N = 50) [145, 146, 178, 179],
and 132Sn (Z = 50, N = 82) [149, 150]. These regions
of the nuclear chart are being studied by several exper-
imental techniques providing tests of theoretical descrip-
tions at limits of the nuclear existence. While most of the
measured experimental properties (S2n, E(2
+), B(E2),
and Qs) have been described by available nuclear mod-
els [135–137, 179, 180], the description of the nuclear size
(〈r2〉) has posed new challenges for modern nuclear the-
ory [123,150,151,181,182]. This problem has been tackled
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Fig. 4. (Color online) Experimental i) nuclear g-factor and
ii) nuclear quadrupole moments of cadmium (Z = 48), indium
(Z = 49), and tin (Z = 50) isotopes. The relevant nuclear shell
model orbits are shown on the upper panel. Experimental data
were taken from [64,138–142] .
with density functional theory, where satisfactory descrip-
tion of charge radii have been obtained in the calcium [151]
and tin regions [150]. However, a description in the ab-
initio framework has not been achieved yet [123,182].
Figure 5 shows the changes of the mean-squared charge
radii around the calcium, nickel, and tin regions. The val-
ues for each isotopic chain are shown with respect to the
value at the closed neutron shells. While a strong ele-
ment dependence is seen close to stability, the charge radii
of neutron-rich isotopes beyond the neutron closed-shell
appear to increase with surprisingly similar slopes. The
radii of the proton-closed-shell calcium isotopes increase
as rapid as the open shell isotopes Mn (Z = 25) and Fe
(Z = 26).
Similar charge radii trends have been observed for iso-
topes around the nickel and tin regions. As illustrated in
Figure 5 ii), the nuclear charge radii evolution in the nickel
region present a noticeable dependence with the atomic
number up to the neutron number N = 50. However,
for neutron-rich nuclei the mean-squared charge radii of
different elements increase with the same slope. Beyond
N = 50, the radii of isotopes near to the proton closed-
shell such as zinc (Z = 30) increase with the same magni-
tude as the open proton shell isotopes krypton (Z = 36)
and rubidium (Z = 37). These trends are almost identical
in the tin region below and beyond the neutron number
N = 82 (see Figure 5iii ).
The rapid increase of the nuclear charge radii observed
beyond the neutron number N = 28 is in contrast with the
patterns seen in isotopes close to stability. For neutron-
rich nuclei in the calcium region, the discontinuities seen in
other observables such as S2n [136] and E(2
+) [137] values
at neutron number N = 32, do not appear to be evident
in the nuclear charge radii trends. A compilation of differ-
ent properties measured in the calcium region is shown in
Figure 6. The signatures of closed shells at N = 20 and
N = 28 appears across all observables. For the nuclear
charge radii (Figure 6i ) the signatures at N = 20 are
present but less pronounced than for N = 28. At N = 32
and N = 34 the clear agreement for the signs of shell clo-
sures among the different observables breaks down, and
distinct regular patterns appear for different observables.
Only very recently systematic measurements have been
achieved for the nuclear charge radii in the vicinity of cal-
cium and tin isotopes beyond N = 28 and N = 82 [123,
146, 150]. The charge radii and electromagnetic moments
of 58−70Ni, 124−134Sn and 112−134Sb isotopes have been
measured by the COLLAPS collaboration at ISOLDE-
CERN [150, 183]. Moreover, results for 47−52K (Z = 19),
58−78Cu (Z = 29), 104−111Sn (Z = 50) and 101−131In (Z =
49) isotopes have been obtained by the CRIS collabora-
tion at ISOLDE-CERN [184–187]. Efforts are underway
to extend these measurements to more exotic neutron-rich
isotopes beyond the 52Ca, 132Sn nuclei [123,185,188,189]
Excitation energy measurements of the doubly-magic shell
closure of 78Ni indicates the onset of significant struc-
tural changes in neutron-rich isotopes beyond this region
[179]. Measurements of the nuclear charge radii of isotopes
around Z = 28, N = 50 and beyond is a challenging area
for present experimental studies [186]. The development
of radioactive beam facilities [190] and experimental tech-
niques will be required to allow for nuclear charge radii
measurements of lighter neutron-rich isotopes in the oxy-
gen region. Their measurement will give insight into the
onset of this seemingly nuclear size independent gradient
of charge radius increase with neutron number following
a shell closure.
4 Conclusions
Despite the drastic difference in the interactions between
their constituents, the collective properties of strongly cor-
related many-body systems exhibit common features. From
dust particles governed by Coulomb interactions, atomic
clusters interacting by covalent bonds and inter-atomic
potentials, up to nuclei governed by short-range nuclear
forces. The interactions, length scale and dynamics are
very different, but these systems present similar signatures
of shell structures and collective phenomena. The com-
monalities between these many-body systems have shown
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Fig. 5. (Color online) Changes in the mean-square charge radii as a function of the neutron number: i. calcium (Z = 20), ii,
nickel (Z = 28), and iii. tin region (Z = 50). Each isotopic chain is shown with respect to the isotope with neutron number at
the closed shell. Experimental data were taken from [123,143–152].
Fig. 6. (Color online) Experimental nuclear properties in the
calcium region: i. mean-squared charge radii difference when
two neutrons are added, 〈r2〉(2n); ii. derivative of the two-
nucleon separation energy dS2n; iii. normalized spectroscopic
quadrupole moments Qs/ZR
2; iv. scaled inverse of the ex-
citation energy of the first 2+ state, 1/E2+Z; and v. nor-
malized transition probability to the first 2+ excited state,
B(E2)/Z2R2. Experimental data were taken from [64,123,135,
153–162].
to be fruitful to allow for mutual advancements in different
fields, as for example was found in the field of atomic nan-
oclusters by the successful application of modified nuclear
structure models. The recent developments in many-body
theory and the continuous increase in computing power
have allowed an unprecedented reductionist insight of the
emergence of physical phenomena. In complex correlated
many-body systems, where accurate calculations are par-
ticularly challenging, the connection between reductionist
and emergence viewpoints is commonly guided through
empirical observations. In contrast to other quantum sys-
tems, the atomic nucleus is formed by two different con-
stituents (protons and neutrons) that interact mainly by
the electromagnetic, strong and weak forces. Moreover,
three-body forces appear at a fundamental level in the
strong interaction [191].
Recent developments in many-body methods and higher
computing power have provided great steps towards the
understanding of the microscopic origin of collective phe-
nomena in different regions of the nuclear chart [118,164,
192–195]. However, forming a consistent and unified mi-
croscopic description of the distinct nuclear phenomena
remains as an open problem for nuclear theory. A partic-
ular challenge has been the description of nuclear charge
radii, where new data in neutron-rich nuclei all exhibit
an intriguingly simple increase in charge radii beyond nu-
clear closed-shells. Moreover, the electromagnetic prop-
erties of isotopes around magic numbers of protons and
neutrons have been found to exhibit astonishingly simple
trends. The microscopic description of these simple pat-
terns, which are predicted by the oldest models of nuclear
physics, is a major challenge for modern nuclear theory.
Acknowledgements
This work was supported by ERC Consolidator Grant
No.648381 (FNPMLS); STFC grants ST/L005794/1,
ST/L005786/1, ST/P004423/1 and Ernest Rutherford Grant
10 R.F. Garcia Ruiz, A.R. Vernon: Emergence of simple patterns in many-body systems
No. ST/L002868/1; GOA 15/010 from KU Leuven, BriX
Research Program No. P7/12; the FWO-Vlaanderen (Bel-
gium); the European Unions Grant Agreement 654002
(ENSAR2). We thank A. Koszorus and S. Wilkins for
helpful comments and suggestions.
R.F. Garcia Ruiz, A.R. Vernon: Emergence of simple patterns in many-body systems 11
Appendix
Fig. A1. (Color online) Normalized transition probability to the first 2+ excited state, B(E2)/Z2R2, as a function of the proton
number and neutron number. Data taken from [57–59,62–64,123,135,138–162].
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Fig. A2. (Color online) Scaled inverse of the excitation energy of the first 2+ state, 1/E2+Z, as a function of the proton number
and neutron number. Data taken from [57–59,62–64,123,135,138–162].
Fig. A3. (Color online) Normalized spectroscopic quadrupole moments Qs/ZR
2, as a function of the proton number and
neutron number. Data taken from [57–59,62–64,123,135,138–162].
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Fig. A4. (Color online) Derivative of the two-proton separation energy dS2n, as a function of the proton number and neutron
number. Data taken from [57–59,62–64,123,135,138–162].
Fig. A5. (Color online) Mean-squared charge radii difference when two protons are added, 〈r2〉(2n), as a function of the proton
number and neutron number. Data taken from [57–59,62–64,123,135,138–162].
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